We elucidate the mechanism of enhancement of theνµ →νs transitions at small mixing angles of Earth-core-crossing neutrinos, which is at the basis of the recent result of the IceCube experiment on atmospheric muon anti-neutrino oscillations into sterile anti-neutrino.
Recently the IceCube collaboration published negative results of their search for oscillations of atmospheric muon anti-neutrinos into sterile anti-neutrinos [1] ,ν µ →ν s . The data onν µ →ν s oscillations were analysed in [1] in terms of the two-neutrino mixing hypothesis, i.e., in terms of two parameters: one neutrino mass squared difference ∆m 2 and one ν µ − ν s mixing angle θ (denoted θ 24 in [1] ). The IceCube collaboration did not find evidence forν µ →ν s oscillations and in [1] exclusion limits in the ∆m 2 − sin 2 2θ plane were reported. The IceCube limits on sin 2 2θ are particularly strong in the interval ∆m 2 ∼ (0.1 − 1.0) eV 2 , where at 99% C.L. the upper bound on sin 2 2θ decreases from approximately 0.10 down to 0.04; at 90% C.L. it decreases down to 0.02. These limits on sin 2 2θ are stronger than those obtained in other experiments in the same ∆m 2 region (see, e.g., Fig. 5 in [1] ). In connection with this result it is stated in the Abstract of ref. [1] that "New exclusion limits are placed on the parameter space ... in which muon antineutrinos would experience a strong Mikheyev-Smirnov-Wolfenstein resonant oscillations."
We point out in the present article that the strong exclusion limit of the IceCube experiment onν µ →ν s oscillations in the region of ∆m 2 ∼ (0.1 − 1.0) eV 2 , apart from the experimental characteristics of the IceCube detector, is • . The absolute maximum of P (νµ →νs) ≈ 0.95 seen in the figure at h = 0
• is due to the Earth mantle-core enhancement mechanism. As was shown in [5] , for h = 0
• the same mechanism leads to P (νµ →νs) = 1 at sin 2 2θ = 0.07 (see Table 3 in [5] ). The figure is from [3] . See [3, 5] for further details. a consequence exclusively of the "Neutrino Oscillation Length Resonance-like" (NOLR), or "Earth mantle-core", enhancement of the neutrino transitions at small mixing angles for neutrinos crossing the Earth core [2] [3] [4] [5] . This mechanism of enhancement of neutrino oscillations differs [2] from the MSW one [6, 7] . The Earth mantle-core or NOLR enhancement was found to be operative and remarkably strong in theν µ →ν s transitions at small mixing angles first in [3] (see Fig. 1 ). A complete description of the mechanism of Earth mantle-core enhancement of theν µ →ν s and all other transitions of the Earth-core-crossing neutrinos subject to the enhancement (see [2, 3] ), was presented in [4, 5] . It was proven in [4, 5] that, as was suggested in [2] (in connection with the discovered NOLR amplification of the ν µ(e) → ν e(µ) and ν 2 → ν e transitions at small mixing angles), the enhancement is caused by maximal constructive interference between the neutrino transition amplitudes in the Earth mantle and in the Earth core (hence "Earth mantle-core" effect). Although it has resonance-like "appearance" in the space of relevant parameters (see, e.g., Fig.  1 ), it has no true resonance origin 1 . The Earth mantle-core or NOLR enhancement takes place at small mixing angles also in the ν µ(e) → ν e(µ) , ν 2 → ν e [2] , and ν e → ν s [3] transitions (see also [4, 5] ). For all quoted transitions,ν µ →ν s , ν µ(e) → ν e(µ) , ν 2 → ν e , and ν e → ν s , it can be maximal [4, 5] . As was shown in [2] [3] [4] [5] , for neutrinos crossing the Earth core and the listed transitions, the Earth mantle-core (or NOLR) enhancement at small mixing angles is significantly larger than the enhancement due to the MSW resonance [6, 7] taking place in the Earth mantle or in the Earth core, and represents the dominant amplification mechanism for the indicated transitions.
In order to explain the mechanism of the Earth mantle-core enhancement, it is sufficient to consider the case of 2-neutrino mixing employed in the analyses performed in [1] and in [2] [3] [4] [5] , and use the approximation of constant densities and electron fraction numbers of the Earth mantle, ρ m and Y m e , and of the Earth core, ρ c and Y c e (for details see [2, 3, 5] ). We recall that according to the Earth models [8, 9] , the Earth density distribution is spherically symmetric and consists of two major density structures -the core and the mantle -and a certain number of substructures (shells or layers). The Earth radius is [8, 9 ] R ⊕ = 6371 km. According to the Stacey model [8] (PREM model [9] ), the Earth core has a radius of R c = 3485.7 (3480) km, so the Earth mantle depth is 2885.3 (2891) km. For a spherically symmetric Earth density distribution, the neutrino trajectory in the Earth is specified by the value of the nadir angle h of the trajectory. For nadir angles h < 33.17
• (or path lengths L > 10665.7 km) neutrinos cross the Earth core. According to the Earth models [8, 9] , the mean density of the core is larger approximately by a factor of 2.5 than the mean density in the mantle and the change of the density from the mantle to the core can well be approximated by a step function. The mean densities and electron fraction numbers of the Earth mantle and core in the Stacey Earth model read [8] : [9] are very similar and lead to the same results. The density and the electron fraction number change relatively little around the indicated mean values along the trajectories of neutrinos which cross a substantial part of the Earth mantle, or the mantle and the core, and the two-layer constant density approximation was shown to be sufficiently accurate in what concerns the calculation of neutrino oscillation probabilities [2, 3, 10] (and references quoted in [2, 3] ) in a large number of specific cases. This is related to the fact that the relatively small changes of density along the path of the neutrinos in the mantle or in the core take place over path lengths which are typically considerably smaller than the corresponding oscillation length in matter.
In the case of 2-neutrino mixing, relevant for our discussion, we have P (ν µ →ν µ ) = (1 − P (ν µ →ν s )), P (ν µ →ν µ ) and P (ν µ →ν s ) being theν µ survival and theν µ →ν s transition probabilities, respectively. The maximal Earth mantle-core enhancement of theν µ →ν s transition probability leading to a total neutrino conversion, P (ν µ →ν s ) = 1, is realized when a specific synchronisation between the oscillation phases (or oscillation lengths [2] ) in the Earth mantle 2φ ′ = X ′ ∆E ′ , and in the Earth core, 2φ ′′ = X ′′ ∆E ′′ , X ′ (X ′′ ) and ∆E ′ (∆E ′′ ) being the neutrino path length and the difference between the energies of the two neutrino matter eigenstates in any of the two mantle layers (in the core), takes place [4] : [5] . For further details see [5] .
for tan φ ′ and tan φ ′′ are correlated. Solutions of eq. (1) corresponding to the Earth mantle-core enhancement and leading to P (ν µ →ν s ) = 1 are possible only in the region [4, 5] cos 2θ
At small mixing angles of interest the maximal Earth mantle-core enhancement solutions of eq. (1) implying P (ν µ →ν s ) = 1 exist at all nadir angles, corresponding to Earth-core-crossing neutrino trajectories, 0
• ≤ h < 33.17
• . The solutions of eq. (1) in the case ofν µ →ν s oscillations for, e.g., h = 0
• , 13
• , can be found in Table 3 of [5] ; for h = 0
• , 23
• they are shown in Figs. 12 -14 in [5] (hep-ph/9903424), which are reproduced here as Figs. 2 -3. The strong IceCube exclusion limits in the region sin 2 2θ < ∼ 0.10, ∆m 2 ∼ (0.1 − 1.0) eV 2 , which at 99% (90%) C.L. extend down to sin 2 2θ ≈ 0.04 (0.02) [1] and are better than those reported by other experiments, are obtained due to the strong Earth mantle-core enhancement of P (ν µ →ν s ) discovered in [3] and related [5] to the solutions of eq. (1) at small mixing angles and E/∆m 2 ∼ 3 TeV/eV 2 . Indeed, at, e.g., h = 0
• , the solutions of eq. (1) under discussion corresponding to P (ν µ →ν s ) = 1 take place at sin 2 2θ = 0.070, 0.077, 0.101, 0.150, respectively (Table 3 in [5] ). The maximum disappearance of muon antineutrinos at E ≈ 2.7 TeV shown in Fig. 1 (middle panel) in [1] and found at the best-fit point ∆m 2 = 1 eV 2 and sin 2 2θ = 0.1, for example, exactly corresponds to the solution in Table 3 of [5] at h = 23
• (or cos θ z ≃ −0.92, θ z being the zenith angle) and ∆m 2 /E = 3.70 × 10 −7 eV 2 /MeV, seen also in the right panel of Fig. 3 .
In contrast to the Earth mantle-core (or NOLR) enhancement, the MSW enhancement of neutrino mixing in matter has a genuine resonance character [6, 7] . As can be shown, the MSW resonant effect plays a sub-dominant (if not insignificant) role for theν µ →ν s IceCube results [1] at small mixing angles. Indeed, for the values of sin 2 2θ < ∼ 0.1 and ∆m 2 ∼ = (0.1 − 1.0) eV 2 of interest, theν µ →ν s transitions are strongly suppressed for the Earth-core-crossing neutrinos when the MSW resonance condition [7, 11] is fulfilled in the mantle because for the quoted relevant values of sin 2 2θ and ∆m 2 , i) the neutrino oscillation length in the Earth mantle is much larger than the distance traveled by neutrinos in the mantle, and ii) the neutrino mixing in the Earth core, more precisely the parameter sin 2 2θ ′′ m , is strongly suppressed due to the (neutron) density of the core being significantly larger than the (neutron) density in the mantle 3 . The same conclusion is valid when the MSW resonance takes place in the Earth core. The absence of significant MSW amplification of P (ν µ →ν s ) at small mixing angles for Earth-core-crossing neutrinos is evident in Figs. 2 and 3 , where the only "red spot" present at sin 2 2θ < ∼ 0.15 in each of the three figures is that associated with the maximal Earth mantle-core enhancement of P (ν µ →ν s ) at ∆m 2 /E ∼ = (3.7 − 4.0) × 10 −7 eV 2 /MeV. When neutrinos traverse only the mantle, the MSW resonance in the mantle can enhance somewhat the probability P (ν µ →ν s ), with respect to its rather small vacuum value, but only for a limited set of neutrino trajectories located very close to the core-mantle boundary. In addition the MSW enhancement is noticeably smaller than that due to the Earth mantle-core effect for the core-crossing neutrinos. The local enhancement of theν µ →ν s transition, seen in Fig. 1 (middle panel) in [1] at cos θ z ≥ −0.84 (or h ≥ 33.17
• ) is due to the MSW resonance in the mantle and illustrates this conclusion. This MSW local minimum of P (ν µ →ν µ ) (local maximum of P (ν µ →ν s )) is reached at E ∼ 4.4 TeV and at it P (ν µ →ν µ ) ∼ 0.40 (P (ν µ →ν s ) ∼ 0.60). Therefore the statement in the Abstract of [1] that "New exclusion limits are placed on the parameter space ... in which muon antineutrinos would experience a strong Mikheyev-Smirnov-Wolfenstein resonant oscillation." is at least misleading (if not incorrect).
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